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Abstract

A new external-recycle device of multi-pass heat exchangers with uniform wall temperature, resulting in a considerable heat-transfer
efficiency improvement, has been designed and studied theoretically. The theoretical analysis on the temperature profile and heat-transfer
efficiency improvement has been developed by using an eigenfunction expansion in power series. The analytical predictions are repre-
sented graphically and compared with that in single-pass devices and the previous work [C.D. Ho, H.M. Yeh, Y.C. Tsai, Improvement
in performance of multi-pass laminar counterflow heat exchangers with external refluxes, Int. J. Heat Mass Transfer 45 (2002) 3529–
3547]. A substantial heat-transfer efficiency improvement is obtained by employing such a new recycle type with a suitable adjustment
of the impermeable-sheet position and recycle ratio, instead of using the single-pass device without external recycle for Gz > 10 and the
recycle type of the previous study for Gz > 30.
� 2007 Elsevier Ltd. All rights reserved.

Keywords: Heat exchangers; Conjugated Graetz problems; Multi-pass operations; External recycle
1. Introduction

The problem dealing with the laminar heat and mass
transfer in a bounded conduit under constant wall temper-
ature or heat flux is the well-known classical Graetz prob-
lem [1–5], and the analytical solution to such a classical
Graetz problem is solved with the assumptions of fully-
developed laminar flow and no axial heat conduction.
Actually, the axial heat conduction can not be neglected
for the liquid metal (low Prandtl number fluids) or viscous
fluids (small Reynolds number flows). The extension of the
classical Graetz problem with considering the axial heat
conduction is so-called the extended Graetz problem
[6–10]. However, both the classical and extended Graetz
problems focus on the systems with only one single-stream
and single-phase heat or mass transfer. However, the heat
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or mass transfer problems of multi-stream or multi-phase
are widely used in industrial processes. The conjugated
Graetz problems [11–15] are referred to the analysis of
two or more adjacent streams or phases of multi-stream
or multi-phase problems coupled through mutual condi-
tions at the boundaries.

In practice, there are three strategies to enhance the heat
or mass transfer rate: dividing an open-duct device into
several subchannels [16,17], reducing the channel size
[18,19] and introducing the external or internal recycle con-
cept into design [20,21]. In chemical industrial processes,
the recycle-effect concept is widely used in designing sepa-
ration processes and chemical reactors, such as bioreactors
[22], filters [23], gas absorbers [24], thermal diffusion [25]
and air-lift reactor [26]. Base on these strategies, the present
study combines the concepts of dividing an open-duct
device into several subchannels with adding the external
recycle to improve the heat-transfer efficiency.

The heat transfer problem in a parallel-plate channel has
been studied in many researches [27–30]. The present work
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Nomenclature

B conduit width, m
De equivalent diameter of the conduit, m
Fm eigenfunction associated with eigenvalue km

f friction factor
Gz Graetz number, 2VW/aBL
�h average heat transfer coefficient, kW/m K
Ih1 heat-transfer efficiency improvement based on

single-pass devices, defined by Eq. (30)
Ih2 heat-transfer efficiency improvement based on

the previous work [31], defined by Eq. (31)
Ip power consumption increment of, defined by

Eq. (33)
L conduit length, m
‘wf friction loss in conduit, N m/kg
Nu average Nusselt number
P power consumption, N m/s
R recycle ratio
Re Reynolds number
Sm expansion coefficient associated with eigenvalue

km

V input volume flow rate of conduit, m3/s
v velocity distribution of fluid, m/s
�v average velocity of fluid, m/s
W distance between two parallel plates, m
x transversal coordinate, m
z longitudinal coordinate, m

Greek symbols

a thermal diffusivity of fluid, cm2/s
b ratio of channel thickness, W a=W b ¼ W d=W c

n longitudinal coordinate, z/L

g transversal coordinate, r/R

h dimensionless temperature, ðT � T IÞ=ðT s � T IÞ
km eigenvalue
l fluid viscosity, kg/m s
q fluid density, kg/m3

w dimensionless temperature, ðT � T sÞ=ðT I � T sÞ

Subscripts

A the channel a in double-pass devices
a the channel a in multi-pass devices
B the channel b in double-pass devices
b the channel b in multi-pass devices
c the channel c in multi-pass devices
D double-pass device
d the channel d in multi-pass devices
F at the outlet
I at the inlet
L at the end of the channel
0 in a single-pass device without recycle
prev. the data of the previous work [31]
s at the wall surface
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is an extension of our previous work [31] except the recycle
type. As referred to the conclusions of previous work [31],
one can find that the application of multi-pass and recycle
concepts can readily improve the heat transfer efficiency of
the parallel-plate heat exchangers. In this study, a new and
more effective external recycle type has been designed to
achieve further improvement of the heat transfer efficiency
in the parallel-plate heat exchangers as compared with that
in the previous work [31]. The temperature profile of fluid
and the heat-transfer efficiency improvement has been
investigated theoretically by using orthogonal expansion
techniques [32–35] in terms of an extended power series.
The purposes of this work are to design a new and more
effective recycle design, to formulate the mathematical
statement for obtaining an analytical solution of the pres-
ent conjugated Graetz problem and to find the optimal
operating conditions. This study also discusses the heat-
transfer efficiency improvement of such a multi-pass heat
exchanger with external recycle by comparing with that
of the single-pass devices and our previous work [31].
2. Temperature profiles

A multi-pass heat exchanger was obtained by inserting
three barriers with negligible thermal resistance into a par-
allel-plate channel with thickness W, length L, and width B
(�W) to divide the open duct into four parts, subchannel
a, b, c and d with thickness Wa, Wb, Wc and Wd, respec-
tively, and the channel thickness ratio is defined as
b ¼ W a=W b ¼ W d=W c. The wall temperatures of the
multi-pass heat exchanger are kept constant as Ts. Before
entering two outlet conduits, the feed will premixed with
the fluid exiting from the inner conduits with volume flow
rate RV and the outlet temperature TF as shown in Fig. 1.

The velocity profiles in the four subchannels of present
multi-pass devices were redefined, respectively, as follows:

vaðgaÞ ¼
ðRþ 1ÞV

BW a

ð6ga � 6g2
aÞ ð1Þ

vbðgbÞ ¼
�ðRþ 1ÞV

BW b

ð6gb � 6g2
bÞ ð2Þ

vcðgcÞ ¼
�ðRþ 1ÞV

BW c

ð6gc � 6g2
cÞ ð3Þ

and

vdðgdÞ ¼
ðRþ 1ÞV

BW d

ð6gd � 6g2
dÞ ð4Þ

The first term of the right-hand side of Eqs. (1)–(4) repre-
sents the average velocity in each subchannel. The velocity
profiles of the present work, as show in Eqs. (1)–(4), are
different to those of the previous work [31]. The governing
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Fig. 1. Schematic diagrams of multi-pass heat exchangers with external
recycle at both ends.
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equation and the corresponding boundary conditions are
as follows:

o2wiðgi; nÞ
og2

i

¼ W 2
i viðgiÞ
La

� �
owiðgi; nÞ

on
; 0 6 n 6 1; i ¼ a;b; c; d

ð5Þ
wað0; nÞ ¼ 0 ð6Þ
owað1; nÞ

oga

¼ �W a

W b

owbð1; nÞ
ogb

ð7Þ

owað1; nÞ
oga

¼ �W a

W
½wað1; nÞ � wbð1; nÞ� ð8Þ

owbð0; nÞ
ogb

¼ �W b

W c

owcð0; nÞ
ogc

ð9Þ

owbð0; nÞ
ogb

¼ �W b

W
½wbð0; nÞ � wcð0; nÞ� ð10Þ

owcð1; nÞ
ogc

¼ �W c

W d

owdð1; nÞ
ogd

ð11Þ

owcð1; nÞ
ogc

¼ �W c

W
½wcð1; nÞ � wdð1; nÞ� ð12Þ

wdð0; nÞ ¼ 0 ð13Þ

Substituting the velocity profiles in to the governing
equation and using the method of separation variables,
one can get

wiðgi; nÞ ¼
X1
m¼0

Si;mF i;mðgiÞGmðnÞ;

0 6 n 6 1; i ¼ a; b; c; d ð14Þ

where

GmðnÞ ¼ e�kmð1�nÞ; 0 6 n 6 1 ð15Þ

F 00i;mðgiÞ �
kmW 2

i viðgiÞ
La

� �
F i;mðgiÞ ¼ 0;

0 6 gi 6 1; i ¼ a; b; c; d ð16Þ

By following the same calculation procedure performed in
our previous work [31], the dimensionless outlet tempera-
ture for multi-pass devices ðhFÞ can be obtained in terms
of the Graetz number (Gz), eigenvalues ðkmÞ, expansion
coefficients (Sa;m; Sb;m; Sc;m, and Sd;m), and eigenfunctions
ðF a;mðgaÞ; F b;mðgbÞ F c;mðgcÞ and F d;mðgdÞÞ. The eigenvalues
(k1; k2; . . . ; km; . . .) can be calculated from the following
equations:

F a;mð1Þ
F 0a;mð1Þ

¼ �W bF b;mð1Þ
W aF 0b;mð1Þ

ð17Þ

F b;mð0Þ
F 0b;mð0Þ

¼ �W cF c;mð0Þ
W bF 0c;mð0Þ

ð18Þ

F c;mð1Þ
F 0c;mð1Þ

¼ �W dF d;mð1Þ
W cF 0d;mð1Þ

ð19Þ

It is easy to find the orthogonality condition as

W bW cW d

Z 1

0

W 2
avaðgaÞ
La

� �
Sa;mSa;nF a;nF a;m dga

þ W cW dW a

Z 1

0

W 2
bvbðgbÞ
La

� �
Sb;mSb;nF b;nF b;m dgb

þ W dW aW b

Z 1

0

W 2
cvcðgcÞ
La

� �
Sc;mSc;nF c;nF c;m dgc

þ W aW bW c

Z 1

0

W 2
dvdðgdÞ
La

� �
Sd;mSd;nF d;nF d;m dgd

¼ 0; n 6¼ m ð20Þ

The average dimensionless outlet temperatures for the
multi-pass devices, which are referred to the bulk tempera-
ture, are obtained from the overall energy balances around
each subchannels. The results are

wF;ab ¼
�
R 1

0
vbW bBwbðgb; 0Þdgb

V ðRþ 1Þ

¼ �2W
ðRþ 1ÞW bGz

X1
m¼0

e�km Sb;m

km
fF 0b;mð1Þ � F 0b;mð0Þg

ð21Þ
or

wF;cd ¼
�
R 1

0 vcW cBwcðgc; 0Þdgc

V ðRþ 1Þ

¼ �2W
ðRþ 1ÞW cGz

X1
m¼0

e�km Sc;m

km
fF 0c;mð1Þ � F 0c;mð0Þg

ð22Þ
Moreover, the sum of the two average dimensionless

outlet temperatures can be examined by making the overall
energy balance through the whole conduit as following

V ð1� wF;abÞ þ V ð1� wF;cdÞ

¼
Z 1

0

aBL
W a

owað0; nÞ
oga

dnþ
Z 1

0

aBL
W d

owdð0; nÞ
ogd

dn ð23Þ

where the left-hand-side term refers to the net outlet energy
while the right-hand-side term is the total amount of heat
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transfer from the walls to the fluid. Eq. (23) can be rewrit-
ten in the form of

wF;ab þ wF;cd ¼ 2� 2

Gz

X1
m¼0

Sa;mF 0a;mð0Þ
ð1� e�kmÞW

kmW a

"

þ
X1
m¼0

Sd;mF 0d;mð0Þ
ð1� e�kmÞW

kmW d

#
ð24Þ

Similarly, the average dimensionless outlet temperatures
for the single-pass and double-pass devices are calculated
by Eqs. (25) and (26), respectively.

h0;F ¼ 1� w0;F

¼ 1

Gz

X1
m¼0

ð1� e�k0;mÞ
k0;m

S0;mF 00;mð0Þ �
ð1� e�k0;mÞ

k0;m
S0;mF 00;mð1Þ

� �

ð25Þ
hD;F ¼ 1� wD;F

¼ 1

Gz

X1
m¼0

ð1� e�kD;mÞ
kD;m

W
W a

SA;mF 0A;mð0Þ
"

þ
X1
m¼0

ð1� e�kD;mÞ
kD;m

W
W b

SB;mF 0B;mð0Þ
#

ð26Þ
3. Heat transfer efficiency improvement

The Nusselt number for a multi-pass device with exter-
nal recycle by following the same mathematical treatment
performed in our previous work [31] was thus calculated
as follows:

Nu ¼
�hW
k
¼ 2V

2aBL
ð1� wFÞ ¼

1

2
Gzð1� wFÞ ¼ 0:5GzhF

ð27Þ

Similarly, for the single-pass device and double-pass device

NuD ¼
hDW

k
¼ 2VW

2aBL
ð1� wD;FÞ ¼

1

2
Gzð1� wD;FÞ ¼ 0:5GzhD;F

ð28Þ

Nu0 ¼
hDW

k
¼ 2VW

2aBL
ð1� w0;FÞ ¼

1

2
Gzð1� w0;FÞ ¼ 0:5Gzh0;F

ð29Þ

Two definitions of heat-transfer efficiency improvements
are presented in this study. One is the percentage increase,
Ih1 (%), in the heat transfer rate base on that of a single-
pass operation without recycle under the same working
dimension and operating conditions, as shown in Eq. (30)

Ih1ð%Þ ¼
Nu� Nu0

Nu0

� 100% ¼
w0;F � wF

1� w0F

� 100%

¼ h F � h0;F

h0;F

� 100% ð30Þ

The other is the percentage increase, Ih2 (%), in the heat
transfer rate base on that of our previous work [31] with
the same working dimension and operating conditions,
except for the recycle type, as shown in Eq. (31)

Ih2ð%Þ ¼
Nu� Nuprev:

Nuprev:

� 100%

¼
wprev:;F � wF

1� wprev:;F

� 100% ¼ hF � hprev:;F

hprev:;F

� 100% ð31Þ
3.1. The power consumption increment

By assuming the laminar flow in the each conduit, the
friction loss in conduits may be estimated by assuming only
the friction loss to the walls were significant

‘wf ¼
2f�v2L

De

ð32Þ

where the friction factor is f ¼ 24=Re. Moreover, the
power consumption increment, Ip, due to the friction losses
(‘wf ;a; ‘wf;b; ‘wf ;c and ‘wf;d for the multi-pass devices while
‘wf;0 for the single-pass device) in the conduits can be read-
ily defined as

Ip ¼
P � P 0

P 0

¼ ðRþ 1Þð‘wf ;a þ ‘wf ;b þ ‘wf ;c þ ‘wf ;dÞ � ð2‘wf ;0Þ
2‘wf ;0

ð33Þ

¼ 1

2
ðRþ 1Þ2 W

W a

� �3

þ 1

2
ðRþ 1Þ2 W

W b

� �3

� 1 ð34Þ
4. Results and discussion

The mathematical treatment and calculation procedure
in the present study are quite similar to those obtained in
our previous work [31], except the recycle type. The theo-
retical results of the present study are not only compared
to the single-and double-pass devices but also to our previ-
ous work [31] to confirm the device performance improve-
ment of the present new recycle type. The influences of the
recycle ratio R, Graetz number Gz and subchannel thick-
ness ratio b on the mixed inlet temperature have the same
tendency as those in our previous work [31]. The mixed
inlet temperature is proportional to the recycle ratio R

but it is inverse proportional to the Graetz number Gz

and channel thickness ratio b. Fig. 2 shows the outlet tem-
perature hF vs. Graetz number Gz with the subchannel
thickness ratio b as a parameter under R = 1 and 5. The
outlet temperature hF increases with increasing the recycle
ratio R and with decreasing the channel thickness ratio b
and Graetz number Gz.

Two conflict effects on heat transfer efficiency are pro-
duced by applying the recycle-effect concept to the multi-
pass heat exchangers. The advantage effect is the heat-
transfer convection coefficient increment due to the fluid
velocity increases with increasing the recycle ratio as shown
in Eqs. (1)–(4). On the other hand, the disadvantage effect
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is the driving force decrement (the temperature difference
between the two outer walls and flowing fluid) owing to
the inlet fluid premixes with the recycle fluid with higher
temperature. The heat-transfer efficiency improvement is
thus achieved while the advantage effect overcomes the dis-
advantage one, and this is the value of the present study. A
Nusselt number can be used to measure the convection
heat transfer occurring at the wall surface [36]. An average
Nusselt number is defined in Eq. (27) for the multi-pass
devices in this study while the Eqs. (28) and (29) are the
definitions of average Nusselt number for double-and sin-
gle-pass devices, respectively. The comparisons of the aver-
age Nusselt number of this work to the previous work and
single-and double-pass devices are shown in Fig. 3. Because
of the average Nusselt number Nu proportions to the outlet
temperature hF as indicated in Eq. (27), the influences of
the recycle ratio R and channel thickness ratio b on the
Nu has the same tendency as those on the hF. However,
the Eq. (27) shows that the average Nusselt number Nu is
not only proportional to the hF but also to Graetz number
Gz and thus, Nu increases with increasing Gz as shown in
Fig. 3. Fig. 3 also indicates that the Nu in this study is
higher than that in previous work [31] under high Graetz
numbers, say Gz > 30. The results show that the recycle
type in this work is preferred rather than that in the previ-
ous work [31] in high Graetz number.

Two heat-transfer efficiency improvements, say Ih1 and
Ih2, are represented in Tables 1 and 2, respectively. The
heat-transfer efficiency improvement Ih1 shows the percent-
age increase in heat transfer rate based on that of a single-
pass operation without external recycle under the same
working dimensions and operating conditions while the
percentage increase in heat transfer rate based on that of
the previous work [31] is referred to Ih2. Table 1 shows that
the Ih1 increases with increasing recycle ratio R but
decreases with increasing the channel thickness ratio b.
The minus sign in Table 1 shows that the single-pass heat
exchanger without external recycle is preferred rather than
using the multi-pass device even with external recycle. The
heat-transfer efficiency improvement of the new recycle
type in the present work is illustrated in Table 2, as com-
pared to the previous work [31]. It is readily confirmed
from Table 2 that the heat-transfer efficiency of the new
recycle type of this work is better than that of the previous
work [31] for large Graetz number. In contrast, the recycle
type of the previous work is preferred rather than the new
recycle type of this work while a multi-pass heat exchanger
is operated in the low Graetz number region.



Table 1
The heat-transfer efficiency improvement Ih1 with recycle ratio and
channel thickness ratio as parameters

Ih1 ð%Þ R = 1 R = 5

bab (or bcd) bab (or bcd)

1/3 1 3 1/3 1 3

Gz = 1 �44.86 �42.74 �45.41 �20.48 �19.97 �22.94
10 52.18 29.38 8.72 90.24 49.17 23.42
100 334.33 143.76 74.07 357.62 150.18 77.67
1000 448.18 172.14 87.49 451.66 172.92 87.91

Table 2
The heat-transfer efficiency improvement Ih2 with recycle ratio and
channel thickness ratio as parameters

Ih1 ð%Þ R = 1 R = 5

bab (or bcd) bab (or bcd)

1/3 1 3 1/3 1 3

Gz = 1 �11.15 �3.85 �5.18 �6.79 �3.58 �4.05
10 �6.12 �0.723 �0.57 0.16 2.37 4.28
100 5.11 2.36 2.72 9.45 7.73 10.28
1000 8.77 3.04 3.33 12.53 8.90 11.37

Table 3
The power consumption increment with recycle ratio and channel
thickness ratio as parameters

R Ip

bab ¼ bcd ¼ 1=3 bab ¼ bcd ¼ 1 bab ¼ bcd ¼ 3

0.5 596.4 143 596.4
1.0 1061.1 255 1061.1
2.0 2388.7 575 2388.7
5.0 9521.6 2303 9521.6
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In addition, the multi-pass operation with external
recycle not only increases the heat transfer rate but also
increases the power consumption of the flowing fluid
in the conduit. As an illustration, the power consump-
tion of a single-pass device was calculated by using the
following working dimensions: L ¼ 1:2 m, W ¼ 0:04 m,
B ¼ 0:2 m, V ¼ 1� 10�5 m3=s, l ¼ 8:94� 10�4 kg=m s,
q ¼ 997:08 kg=m3. From these numerical values, the fric-
tion loss in an open conduit was obtained

P 0 ¼ 2V qð‘wf ;0Þ ¼ 1:073� 10�4 W ¼ 1:44� 10�7 hp ð35Þ

The power consumption increment Ip is defined in Eq. (33)
and the calculated results are shown in Table 3. The power
consumption increment does not depend on the Graetz
number, but increases with increasing the recycle ratio R

as observed from Table 3. Moreover, as shown in Table
3, the values of Ip increase with the channel thickness ratio
bab (or bcd) moving away from 1 and are symmetry to
bab ¼ bcd ¼ 1. Though the maximum value of Ip in Table
3 is 9521.6 for R = 5 and bab ¼ bcd ¼ 1=3 (or
bab ¼ bcd ¼ 3), the theoretical prediction of power con-
sumption under these conditions, say P ¼ 1:37� 10�3 hp,
is still small. Fortunately, it seems reasonably to ignore
the power consumption of multi-pass operations with
external recycle.

5. Conclusion

A new recycle type of the multi-pass heat exchanger is
designed and developed in the present study. This study
is an extension of the previous work [31] and the analytical
solution was obtained by following the similar mathemati-
cal treatment and calculation procedure in the previous
work [31]. The theoretical results show that the multi-pass
device with external recycle can enhance the heat transfer
rate especially for large Gz, high R and small b. As com-
pared to the previous study [31], the new recycle type in
the present study results in a better device performance
under the same working dimensions for high Graetz num-
ber, say Gz > 30, however, for low Graetz number, say
Gz 6 30, the recycle type in previous work [31] is preferred.

It is apparent that the mathematical formulations devel-
oped in this study may be also applied to other conjugated
Graetz problems in heat-or mass-transfer devices for each
particular boundary condition.
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